We numerically demonstrate Q-switched operation of Titanium:Sapphire lasers using mono and multilayer graphene, deposited on a totally reflecting end mirror as a saturable absorber. Output energies, pulse duration and repetition frequencies of the Q-switched pulse trains are given as a function of the pump intensity for different number of graphene layers and cavity lengths. For the geometries studied, pulses from 16.2 to 467 ns can be achieved, with energies ranging from 8.7 to 71 µJ and repetition rates from 0.057 to 2.27 MHz. These results can be useful for designing and building laser cavities for Q-switched and mode-locked operation in laser media with short lifetimes as Titanium:Sapphire.
Introduction
In recent years, graphene has been successfully employed as saturable absorber for Q-switched and mode-locked operation in a variety of lasers with different gain media. Mode-locked operation in fibers has been obtained [1, 2] as well as in bulk media such as laser rods [3, 4, 5, 6]. Q-switched operation 5 delivers longer but more energetic pulses, which can be useful in many applications such as materials processing, laser ranging, LIDAR, ultrafast laser saturable absorber in laser cavities seems to be well controlled from the experimental point of view. However it is well known that the mode-locking regime can coexist with the Q-switched regime and this combination is not always desirable, since mode-locking appears within a "Q-switched envelope", which gives a non-constant peak pulse intensity. Hence, knowing the possibility of having 15 Q-switched operation in a certain laser medium for a specific cavity design could be of great interest to avoid undesired designs. Due to its broadband absorption characteristics, graphene is a particularly interesting material for ultrashort pulse generation by saturable absorber mode-locking in lasers with broadband emission such as the Titanium:sapphire laser. There are already reports on 20 mode-locking of Titanium:Sapphire lasers using monolayer graphene [5] . Regarding the apparition of the Q-switched regime using this laser material, it is generally known that, given the short lifetime of Titanium:Sapphire (3.2 µs), Qswitched operation with fast-saturable absorbers is not possible. However some authors have reported it [25, 26, 27] . In this paper we show that it is possible 25 to obtain Q-switched operation in Titanium:Sapphire lasers using graphene as a saturable absorber. Stable Q-switching is observed and studied for cavity lengths between 500 and 110 mm, with mode-locked pulse repetition rates from 300 MHz to 1.36 GHz, respectively. These values are typical of high-repetition rate broadband Ti:Sapphire laser oscillators, which have important applications 30 in time-resolved [28] and frequency-domain [29] spectroscopies. The majority of these lasers rely on Kerr-lens mode-locking, which is normally not self-starting.
The possibility of employing broadband saturable absorption, such as provided by graphene, as a reliable and self-starting mode-locking mechanism is therefore highly appealing. The results presented in this work show that the potential 35 occurrence of simultaneous Q-switching must be taken into account in the study and design of broadband saturable absorption mode-locked high-repetition rate lasers even in media with short emission lifetimes such as Ti:Sapphire. 
Numerical simulation
The Q-switched operation of lasers with a fast saturable absorber is a well 40 known process [30, 31] . Being t r the cavity roundtrip time; t L , t A the relaxation times of the laser medium and absorber respectively; l the cavity losses and P L , P A the saturation power of the laser medium and absorber, then the intracavity power P , the gain g and the density of population inversion q can be calculated with the following set of equations [30, 31] :
where the meaning of g 0 and q 0 is explained below.
Using this approach we could successfully reproduce the experimental results obtained with a Nd:YLF laser using a monolayer G-SAM (Graphene deposited on a mirror) [19] by solving the set of equations using a 4-th order Runge-Kutta method.
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In this study we have chosen a linear cavity ( Fig. 1 ) with a 4.5 mm long
Ti:Sapphire rod with Brewster-cut edges, which is representative of typical 10 fs systems. We considered a thermal lens of 10 mm focal length in the rod and a refractive index of 1.78. A lens L1 with 10 mm focal length is used to focus the laser beam onto the G-SAM and was placed at 18 mm from it. Another lens L2
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with 50 mm focal length was placed next to the output coupler OC to stabilize the cavity. The distance D2 from the left-hand crystal face to lens L2 was 50 mm and the distance D3 from L2 to the OC was changed to have different total cavity lengths, while the distance D1 from the right-hand crystal face to lens L1 was kept at 24 mm. The total optical length from lens L2 to the G-SAM 60 was 100 mm. To compensate for the astigmatism produced by the Brewster-cut 3 faces of the crystal, both lenses were tilted an angle of 3.5
• . The stability of the cavity and the waist sizes of the laser beam were calculated using gaussian beam propagation. The waist at the laser rod w L and at the G-SAM, w G , are given in Table I . We see that w G changes a factor of 2 for the cavity lengths The cavity losses are given by l = 2(α i L − ln(R)). The quantity q 0 is the reflectivity change in the end mirror from absorbing to saturated graphene.
Since a single graphene layer absorbs ∼2.3%, the absorbance of n graphene layers
were g 0 depends on the pumping intensity above threshold, and not on the threshold value itself.
Saturation powers for the absorber or the laser medium P sat = P A , P L were calculated from the saturation fluence F sat . We used P sat = F sat πw 2 /τ , with Missing points in the graphs for certain pump intensities I mean that no QSwitched regime is obtained (for instance, cw regime or relaxation oscillations are observed instead). Given a certain cavity length, the pulse duration and the energy per pulse increase with the number of graphene layers, while the 110 repetition frequency decreases with the number of layers. This is because the reflectivity change q 0 of the G-SAM is larger for a larger number of layers. On the other hand, when the cavity length increases, the pulse duration increases, the pulse energy diminishes and the repetition frequency remains approximately the same. The cavity length L has a direct influence on the cavity losses l which 115 increase when L increases. With high cavity losses the system cannot build short pulses and also cannot deliver pulses with high energy. However the repetition frequency is not altered since the repetition frequency in the Q-switched regime does not depend on the length of the cavity, as it does in the mode-locking regime, but it is rather governed by the lifetimes of the saturable absorber and 120 the laser medium. For all the cavity lengths and for the different number of graphene layers the dependency of pulse duration, pulse energy and repetition frequency on the pump intensity I is the one expected for a laser operation in Q-switched regime. When the pump intensity grows above threshold the intracavitary power will be higher, so the saturable absorber can be bleached 125 for a longer time, which means that the pulse will be longer. It can also be bleached to a larger extent, so the energy delivered per pulse will be higher.
And finally, after a pulse has been emitted, if the pump intensity is higher the system can bleach the saturable absorber faster, so another pulse can rapidly build up and hence the repetition frequency increases. However in those cases in 130 which the Q-switched operation appears above the cw background, the energy per pulse decreases with pump intensity (Fig. 7 ) since the power carried by cw background grows more rapidly.
Conclusions
In conclusion, by employing a standard theory for a Q-switched operation 
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